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Abstract 
The proposed model uses the stochastic dynamic programming and in particular Markov decision processes applied to the Rail 
Quality Index (RQI - Italian Indice di Qualità del Binario, IQB). 
By performing the integrated analysis of the classes of variables which characterize the overall service quality (in terms of 
comfort and safety), the proposed mathematical approach allows to find the solutions to the decision-making process in 
function of the probability of deterioration of the state variables of the infrastructure over time and of the flow of available 
resources.  
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1. The global comfort theory 
The concept of Global Comfort which involves safety, efficiency and quality can be qualitatively formalized as 
a particular psycho-physical condition in which a human being expresses his/her satisfactory relationship with the 
environment. 
According to what has been said so far, the problem of investigating the conditions which can produce the 
comfort state for a user travelling at the speed V along a prearranged plan, with fixed operational configurations 
and a given vehicle, can be solved by researching the sets of the values related to the elements of the system 
described above. 
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As a consequence, the group of the states of satisfaction towards the travelling quality standards expressed by a 
road or railway user can be seen as a particular subset of the states without discomfort; therefore, the necessary 
condition for experiencing a state of comfort is not to generate discomfort (Fig.1), [18], [19], [20]. 
 
 
Fig. 1. I is the set of the states without discomfort;  C  I denotes the subset of the comfort configurations t. 
Operationally, the comfort states, which belong to the intersection subset U resulting from the intersection of 
comfort states BS experienced by the user during his/her travel with those of the trinomial vehicle-environment-
infrastructure denoted with BA, can be achieved thanks to a series of superstructure management actions which 
also affect safety, efficiency and quality as shown in the following figure.  
The fundamental objective of a railway maintenance plan is to guarantee, by means of suitable mathematical 
models for optimizing the effectiveness of the interventions, a support system for the decisions which are required 
to perform upgrading actions so as to ensure the necessary degree of reliability of the structure and at the same 
time to optimize the resource allocation.  
Therefore, the optimization of the maintenance processes and other aspects related to environmental quality 
and operational management allows a general improvement of the "Global Comfort" which includes "safety", 
"efficiency" and "quality" and can be formalized as a particular psycho-physical condition in which a human being 
expresses his/her satisfaction in the relationship with the trinomial vehicle-infrastructure-environment. [10] 
 
 
Fig. 2. The characteristics of the Global Comfort 
Methodologically, the proposed model uses the stochastic dynamic programming, and more specifically 
Markov decision processes, applied to the Rail Quality Index (RQI - Italian Indice di Qualità del Binario, IQB) 
and allows to find the solutions to the decision-making process in function of the probabilities of deterioration of 
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the state variables of the infrastructure over time and the flow of available resources by performing the integrated 
analysis of the sets of variables which characterize the overall quality of service (in terms of comfort and safety). 
It is thus possible to develop the most suitable intervention policies for the Global Comfort in terms of ride 
quality for the user and operational safety at the minimum average cost per time unit (maximum efficiency) in 
optimal conditions with regard to the economic resource allocation. 
Obviously, such actions can be carried out through appropriate programs and planning which enable the three 
aspects above to be managed jointly. 
In this context, as discussed in the next paragraph, a good index to characterize the Global Comfort in a railway 
track is the Rail Quality Index (RQI, Italian IQB). 
 
2. The IQB (Italian Rail Quality Index) as an indicator of "global comfort" in railway superstructure 
maintenance. 
By means of the instrumental measurements performed through diagnostic carriages or trains, it is possible to 
assess the state of a superstructure by comparing directly the threshold values which discriminate the level of 
attention according to every geometric parameter under consideration (Gauge, Alignment, Longitudinal Level, 
Transversal Level, Transversal Level Deviation, Defect of Superelevation, Twist, Wear of Vertical, Horizontal and 
45° Rails (Guerrieri, et. al. 2012)) with regard to the three aspects of safety, efficiency and ride quality described 
above and with reference to the direct user appreciation, [12], [17]. 
By analogy with other transport engineering disciplines, some synthetic indices can be used to summarize the 
operational state of the line in relation to the geometrical configuration at the time of the survey, [13]. 
Such Rail Quality Indices (RQI, Italian IQB) allow to assess the "effectiveness of the line" and its evolution 
over time and consequently to appropriately schedule maintenance works, specifically an “on condition” 
maintenance type, as well as to optimize human and economic resources, rather than to be driven by a more 
expensive "logic of emergency" and to do urgent repair work whenever serious defects arise. 
In order to calculate the quality indices, the italian railway regulations on rail maintenance specify the 
following defectiveness indexes:  
 defectiveness index of the longitudinal level, equal to the standard deviation on a 200 m plane of the 
longitudinal level;  
 defectiveness index of the alignment, equal to the standard deviation on a 200 m plane of the alignment; 
 defectiveness index of the transversal level, equal to the standard deviation on a 200 m plane of the transversal 
level;  
 wedging index, equal to the highest on a 200 m plane, and therefore to the worst of the above-mentioned 
defectiveness indexes. 
As regards the Rail Quality Indices (RQI, Italian IQB), they are defined as follows:  
 Rail geometry quality index in a section (Italian IQBT) is the mean value of the wedging indices (one at 
every 200 m) concerning the section considered. It is assessed at a full line, so the rails at stations and the other 
places comprising points are excluded.  
 Rail geometry quality index in a station (Italian IQBS) is the mean value of the defectiveness indices of the 
longitudinal level (one at every 200 m) at the place considered. 
Each parameter must be contained within specific threshold values which suggest the planning time for 
maintenance operations according to the type of line, in order to restore levels of comfort, safety and ride quality 
as required. 
The regulations on rail maintenance survey, introduced by the Italian Railway Network (RFI, Rete Ferroviaria 
Italiana), impose three Rail Quality Levels which call for the ‘full implementation of the line” and a level which 
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requires such railway operational restrictions as slowing downs on the line and traffic blocks. More specifically, it 
is stated: 
 1° Quality Level: in this field the geometry is to be considered in excellent conditions;  
 2° Quality Level: in this field the geometry is to be monitored: it is indeed required to identify and assess the 
reasons why the deterioration has occurred, how the defect will evolve over time and to plan accordingly 
maintenance works;  
 3° Quality Level (or segment of intervention): in this field the implementation of the maintenance works is 
required within set times or on the basis of the value assumed by the Rail Geometry Quality Index; 
 Level involving operational restrictions: in this case some traffic slowing down or block is required.  
The defects which are included in the last level as well as those in the 3rd level calling for immediate 
intervention (within 48 hours) are defined as relevant defects of the rail geometry. These defects are highly 
dangerous to the railway traffic and therefore must be repaired in the shortest possible time. Should it prove 
impossible, operational restrictions must be imposed proportionate to the type of the parameter and to the value 
assumed by the parameter itself. Such restrictions may be traffic slowing downs or blocks. 
Although the Italian Rail Network (RFI, Rete Ferroviaria Italiana) requires a new operational procedure† 
which modifies the management mode of "on condition" maintenance and does not require maintenance operation 
planning according to the IQB values recorded along the Rail, (RQI - Italian IQB) still accomplish the following 
purposes: 
 Characterize briefly the plano-altimetric rail of each Route/Location, or any parameter such as longitudinal 
level, alignment and transversal gauge. 
 Indicate the effectiveness of maintenance tamping technique implemented in the site under examination. 
 Support the review of the state of the track in order to plan maintenance interventions. 
Therefore, if on the one hand these indices are useful for planning maintenance works, on the other they are not 
involved in scheduling maintenance interventions, in that they are believed not to affect the control of the line and 
so they do not guarantee the elimination of point defects of the track geometry. 
After the IQB peculiarities have allowed to test and guarantee the absence of relevant point defects, they can 
also summarize and synthesize, on the basis of the values assumed, the quality of infrastructure, its degree of 
efficiency and operational safety in terms of "global comfort". 
The Rail Quality Index (RQI, Italian IQB) can then be implemented to define the different levels which 
characterize the states of the system. 
If  Xt is the state of the system, defined by the value assumed by the IQB, each state may be associated to the 
action At taken therein. The action may include an operational restriction, a maintenance intervention or simply 
superstructure maintenance without any sort of intervention until the following inspection period. In any case, if 
Xt =i and At = k, Pij(k) denotes the probability for the system to be in the state j, at the time t+1, by taking action 
k. Moreover, for each state i and the subsequent action k, there will be an estimated cost C (i, k).  
The characteristics of the superstructure contribute, as a whole, to the definition of the decay function of each 
parameter: 
F = (P, U, R) 
 
† Italian sub management procedure RFI DMA IFS PS 47 A, 18.04.2007 
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As a matter of fact, since railway headquarters also play a leading role, it is clear that every single parameter 
must be within the limitations provided for by the regulations. 
The functional form F will express the decay speed of the structural and functional track characteristics up to 
the achievement of a minimum threshold Fmin which corresponds to loss of functionality of the superstructure. 
Any maintenance strategy involves, therefore, the preventive knowledge of the state Xt=i of the system, which is 
known to be defined by the values assumed by the diverse geometric and wear parameters observed. 
The high-performance means of measurements allow nowadays to determine the value of such parameters and 
finally through data post-processing, to define the value of a synthetic indicator (RQI, Italian IQB) of the state of 
the system under analysis. The IQB levels define however the operational timing of “on condition” maintenance 
as there are situations which require maintenance works all the same, even if depending on different time limits of 
intervention.  
 
 
Fig. 3.  States and levels of degradation 
At this point, in order to ensure high levels of overall comfort, and more specifically adequate levels of quality, 
safety and efficiency, the best maintenance policy can be pursued by a suitable mathematical model which 
optimizes an objective function under precise budget constraints, though bound to satisfy specific boundary 
conditions, represented by point values of the various geometric parameters to be checked, [8].  
In order to design a decision support tool for the identification of the best maintenance policy, among the 
different types of mathematical modeling we have chosen the stochastic dynamic programming and Markov 
chains. 
 
3. The Markovian stochastic decision processes  
A Markov chain is a stochastic process at such finite states (with values in X) tX (t=1,2... ) that, being Xt and 
At the state of the system and the subsequent action in the time t respectively, if Xt =i and At =a, then denoting 
with Pij(a) the probability that the system, at the state i at first, will be, in the time t+1, at the state j after action a 
has been undertaken, it follows that: 
P{Xt+1 = j | Ht, Xt =i, At =a} = P{Xt +1= j | Xt =i, At =a} = Pij(a). 
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This expresses the Markov chain property assuming that the conditional probability Pij(a) of any future ‘event’, 
given each past ‘event’ and the present state iX t , is independent from the past “event” and from the time 
sequence H(t) of states and actions of the system  H(t)= {X0, A0, X1, A1, …, Xt-1, At-1}, whereas it is only dependent 
on the present state of the process. 
For each Xt = i and At = a, there will be also an estimated cost C(i, a), which is assumed to be limited (i.e. we 
decide to operate in the presence of budget constraints), then there will be a number M such that: 
|C(i, a)|<M  for each i I e a K 
The conditions of deterioration of the superstructure are known to be expressed by means of the values 
assumed by such strategic variables as load-carrying capacity, regularity and wrinkling which, in function of the 
time, define the state of the superstructure in terms of efficiency or degree of deterioration. 
The determination of the state of the system will be followed by an action (decision) selected from a finite set 
of possible actions. A rule applied for the choice of an action at each instant is defined Policy and is denoted by . 
In general, the action specified by a policy in the time t, may be dependent not only on the present state Xt, but 
also on the history Ht and on t itself. A policy can be also randomized in the sense that a probability distribution is 
assigned to possible actions. 
An important subset of the set containing all the policies is that of the stationary policies. A policy (or scenario 
of coordinate activities) is stationary if the action which specifies in the time t is only dependent on the present 
state Xt and if it is non-randomized (deterministic). In other words,  a stationary policy is a function f which traces 
the state space in the action space by expressing that for each state i, f(i) denotes the action chosen by the policy 
when the state i occurs.  It follows that, if a stationary policy is adopted, then the state sequence {Xn, n = 0, 1, 2, 
…} forms a Markov chain with a transition probability Pij = Pij(f(i)). Therefore the process will be referred to as 
Markov decision process,  [2], [3], [4], [5], [6], [7]. 
In order to determine the most effective actions of intervention according to the Global Comfort criteria, it is 
necessary to establish a criterion for optimality. Given the optimal conditions in terms of operational safety and 
ride quality for the user expressed by the functional levels described above, “optimal” will be that maintenance 
policy which minimizes the average cost per time unit and which, at the same time, achieves the maximum 
economic efficiency. This can be obtained by solving a linear programming problem through the Simplex 
Method, in which the objective function to minimize is as follows [16]:  
 = 
m
j
K
k
jkjkcx
0 1
          (1) 
where: 
xjk  stands for the stationary probability to take a decision k when the system is in the state j, and cjk(t)  0 the 
average cost covered when the system is in the state j in the time t and the decision k is taken. It is assumed that 
cik(t)=cik, be independent of t. 
Ii
K
k
jkjk
K
k
jk kqxx
11
)(   for each  j I       (2a) 
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K
k
jkx 1
1
           (2b) 
xjk  0            (2c) 
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in which qij(k) expresses the transition probability of a system, being in the state i, to change to the state j in the 
following step when action k is taken. For each type of action k the sum of all the probabilities that the system, 
being in the state i, has to change to each state j = 0,1…m: 
m
j
ij kq
0
1)(        and        qij(k) 0            For each i and k set. 
As previously shown, the optimum solution of (2) is unique for 
k
jkx 0 ,  j I, and it satisfies the optimum 
non-randomized choice to take action k in the state j, then it follows:  
K
k
jk
jk
j
jk
jk
x
xx
D
1              (3) 
in which there is, xjk  = jDjk and 
k
jkj x , with πj  as equilibrium probability distribution, [11]. 
 
4. Application of Markov decision process for optimizing railway superstructure maintenance. 
In order to fully describe the real possibility to use the mathematical model suggested and closely follow the 
application steps of the method, an exemplification is here reported on a system characterized by possible states 
for each geometrical parameter above mentioned, by possible actions to be undertaken and by actions consistent 
with every state and every action. 
As previously done with the different geometric parameters monitored by the Italian Railway Network (RFI), 
let us consider some levels of degradation in RQI (Italian IQB) which correspond to the different possible states of 
the system, where such levels are defined by specific thresholds corresponding to specific values of the IQB, as 
shown below: [14],[15]. 
Table 1 – States and levels of degradation 
 
 
 
 
 
 
Let us suppose that at each initial period t the infrastructure is inspected by means of high-performance 
diagnostic carriages and classified according to one of the four states illustrated in the table. After the observation 
of the qualitative state of the superstructure a decision needs to be taken, either to still utilize it without any 
intervention up to the following inspection period (action c) or to carry out maintenance works in order to restore 
the best structural and functional conditions (action m). Let us suppose, moreover, that action c is allowed only in 
the state 0 while action m is permitted only in the state 3. 
The probability of transition from every state to the others may be calculated by knowing its decay function F 
and by carrying out a statistical analysis of the data obtained from the measurements of the structural and 
functional characteristics (monitoring and survey of the quality indicators). 
If you then consider the costs consistent with each state and each action, you can draw the following in table 2. 
More specifically, choosing action c implies running costs equal to C(0.0), C(1.0), C(2.0) monetary units for each 
State Level of Degradation Threshold value
0 Optimal level IQB ril. = 1,2
1 Level of Attention IQB ril. = IQB rif. = 1,8
2 Level of Intervention IQB ril. = 1,25*IQB rif.= 2,25
3 Level of Safety IQB ril. = 1,5*IQB rif. = 2,7
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period, in the states 0, 1 and 2 respectively. Moreover, the infrastructure will be in the state j at the beginning of 
the following period with probability Pij(c), i=0,1,2.  
Table 2 - Costs and transition probabilities for each state and action 
State Action Cost Transition probabilities 
i k C(i,k) Pi0(k) Pi1(k) Pi2(k) Pi3(k) 
0 c C(0,0) P00(0) P01(0) P02(0) P03(0) 
1 
c C(1,0) P10(0) P11(0) P12(0) P13(0) 
m C(1,1) P10(1) P11(1) P12(1) P13(1) 
2 
c C(2,0) P20(0) P21(0) P22(0) P23(0) 
m C(2,1) P20(1) P21(1) P22(1) P23(1) 
3 m C(3,1) P30(0) P31(0) P32(0) P33(0) 
 
Whereas, selecting action m means carrying out maintenance works in order to restore the optimal level of the 
superstructure (state 0); maintenance works will involve intervention costs equal to C(1.1), C(2.1) and C(3.1) 
monetary unit depending on which state - 1, 2 and 3, respectively – the decision on the action m is to be taken. 
Lastly, let us assume that the rail quality be in the state j at the beginning of the next period with probability 
Pij(m) = P0j(k), i = 1,2,3. 
The costs C(i,k) and the probabilities Pij(k) are shown in Table 2. The aim is to determine the optimal 
replacement policy which minimizes the average cost in each period, [9]. 
It is assumed that k = 0,1 for actions “c” and “m” respectively, and also that i = 0,1,2,3 for the states of the 
system. 
The objective function (1) and the ties (2) with the problem under consideration will be: 
min  = C(0,0)x00+ C(1,0)x10+ C(1,1)x11+ C(2,0)x20+ C(2,1)x21+ C(3,1)x31         (4) 
The condition (2a) may be explicit, for example with reference to the initial state j = 0, in the following formal 
expression: 
x00+x01 = x00 P00(0) + x01 P00(1) + x10 P10(0) + x11 P10(1) + x20 P20(0) + x21 P20(1) + x30 P30(0) + x31 P30(1)   (5a) 
and similarly, for the states 1.2 and 3 there will be: 
x10+x11 = x00 P00(0) + x01 P00(1) + x10 P10(0) + x11 P10(1) + x20 P20(0) + x21 P20(1) + x30 P30(0) + x31 P30(1)    (5b) 
x20+x21 = x00 P00(0) + x01 P00(1) + x10 P10(0) + x11 P10(1) + x20 P20(0) + x21 P20(1) + x30 P30(0) + x31 P30(1)    (5c) 
x30+x31 = x00 P00(0) + x01 P00(1) + x10 P10(0) + x11 P10(1) + x20 P20(0) + x21 P20(1) + x30 P30(0) + x31 P30(1)   (5d) 
 
in addition, under the conditions that:  
i k
ikx 1
 
and  xik > 0 for each i, k       (6) 
The solution to the problem, obtained by the simplex algorithm, will provide the vector x*=(xik) of the 
probability limit distribution which minimizes the monthly average cost. 
The vector x* will have the property (Dantzig and Wolfe) according to which, for each i, xik will be equal to 
zero except for a single value of k, [1]. 
Thus, the policy defined by the conditional probability 
K
k
jk
jk
jk
x
x
D
1
*
*
*
               
(7) 
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to take action k in the state j, is non-randomized, i.e. the action prescribed in the state j is a deterministic function 
of j. 
 
5. Conclusion 
The fundamental objective of a railway maintenance plan is to guarantee, by means of suitable mathematical 
models for optimizing the effectiveness of the interventions, a support system for the decisions required to 
perform upgrading actions which can ensure the necessary degree of reliability of the structure and at the same 
time optimize the resource allocation. 
Therefore, optimizing maintenance processes and other aspects related to environmental quality and 
operational management allows a general improvement of the "Global Comfort" which involves "safety", 
"efficiency" and "quality" and can be formalized as a particular psycho-physical condition in which a human 
being man expresses his/her satisfaction in the relationship with the trinomial vehicle-infrastructure-environment. 
Methodologically, the proposed model uses the stochastic dynamic programming and in particular Markov 
decision processes applied to the Rail Quality Index (RQI, Italian IQB). By performing the integrated analysis of 
the classes of variables which characterize the overall service quality (in terms of comfort and safety), the 
proposed mathematical approach allows to find the solutions to the decision-making process in function of the 
probability of deterioration of the state variables of the infrastructure over time and of the flow of available 
resources.  
It is thus possible to optimize operational safety and ride quality of the train as well as the economic and 
functional efficiency of maintenance works, more generally the perceived Global Comfort level, also with regard 
to the economic sustainability of the interventions. 
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